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ON THE ANTI-KEKULE NUMBER OF THREE FENCE GRAPHS
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The anti-Kekule number is the smallest number of edges that must be removed from a
connected graph with a perfect matching so that the graph remains connected, but has no
perfect matchings. The calculation of this invariant is demonstrated on ladders, cyclic
ladders and Mobius ladders in this paper by analyzing the structures of their graphs, and it
is shown that the anti-Kekule numbers of these models are 3 or 4.
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1. Introduction

Graph theory models have been extensively used as predictors of the properties of
chemical compounds (see [1] and references within). The concept of perfect matchings
corresponds to the notion of Kekule structure in chemistry and plays a very important role [2]. For
example, it is well known that carbon compounds without Kekule structures are unstable. The
study of Kekule structures of chemical compounds is very important, because they have many
“hidden treasures” [3] that may explain their physical and chemical properties. Kekule,
anti-Kekule and related structures are also discussed in terms of the current aromaticity and
reactivity indices. Kekule is predicted to be aromatic and stable. This prediction is in agreement
with experimental findings. Anti-Kekule is predicted to be nonaromatic and reactive. The synthesis
of anti-Kekule has not yet been accomplished, but it seems that its preparation is imminent and
difficult [4].

The anti-Kekule number [5] of a graph is the smallest number of edges that have to be
removed from a graph in order that it remains connected, but without any Kekule structure (perfect
matching). Vukicevic and Trinajstic [5] showed that all cata-benzenoids have anti-Kekule number
either 2 or 3 and both classes are characterized. It was found that the anti-Kekule number of the
smallest leapfrog fullerenes Cg is equal to 4. Further, Kutnar, Sedlar and Vukicevic [6] proved that
the anti-Kekule number of all fullerenes is either 3 or 4 and that for each leapfrog fullerene the
anti-Kekule number can be established by observing finite number of cases not depending on the
size of the fullerene. Both of them attracted considerable interest in graph theory and chemistry.
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Figure 1.

It is well known [7,8] that ladder graphs are defined as P.XP, and cyclic ladder graphs
(prisms) as P, X C,, where P, and C, are the path and the cycle of order n, respectively. For another
chemical reason, the prism or cyclic ladder graph has been called the Huckel ladder graph. A
Mobius ladder graph as in Figure 1 just by a physical twist of a cyclic ladder graph. Accordingly,
several interesting mathematical features including the Kekule number, characteristic polynomial
and basis number have been discussed [8,9,10].

The aim of this paper is to analyze the anti-Kekule number of these three models.

Main results

All graphs in this paper are simple and connected with a perfect matching, if not explicitly
stated otherwise. A perfect matching (or Kekule structure) in a graph G is a set M of edges of G
such that every vertex of G is incident with exactly one edge from M.

An anti-Kekule set of G with Kekule structures is the set S such that G-S is a connected
graph and it has no Kekule structures. An anti-Kekule set of the smallest cardinality is called a
minimal anti-Kekule set, and its cardinality is the anti-Kekule number of G and it is denoted by
ak(G).

3, if n>3isodd;

Theorem 1. ak(CL,) = _ :
4, if n>4iseven.

Proof. Let Ci=ujU,...uyu; and C,=v1V,...Vvy be two cycles of length n in CL,, see Figure 1.
It is easy to see that the graph obtained from CL, by deleting any two edges has a Kekule structure,
and ak(CL,)>2.
If n>3 isodd, then CL,-{ujuy, Uous, V,v3} is connected and bipartite with vertex classes V; and
V,, where Vi={Us, Uy, Us, Ug, ..., Una} U{Va, Vg, ..., Vo} and Vo={Us, Us, ..., Un} U{Vy, V3, ..., Voa}. SO,
CLn-{uzu,, upvy, upvs} has no Kekule structures and ak(CL,)=3 for odd n.
If n>4 iseven, let ey, e, 3 be any three edges of CL,such that G=CL,-{ey, e,, €3} is connected,
we will prove that G has a Kekule structure and ak(CL,)>3.

Case I. ey, &5, 83E E(C1) UE(Cy). Then upvs, UsVy, .., UnV, is a Kekule structure of G.
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Case I1. Exactly two of ey, e,, 3 belong to E(C;) UE(C,). Without loss of generality, we assume
that e, ¢ E(C,) UE(C,).
(i) e1, &,EE(Cy) . We may assume that e;=u;U, and €,=UiUis1 (2 <1 < N, Uper=Uy).

When i=2, e, #u,v, since G is connected. If e, #u,v,;, then UVaVs. VaViliUpUng Uz iS @

Hamilton path of G, see Figure 2(1); Otherwise, €, # U,V,, then UaVovaViVna VaUsUs Ugs 1S @

Hamilton path of G. So, G has a Kekule structure.
When i=n, the result holds similarly.
Now, we consider 2<i<n. Then at most one of uyvi, UsVy, UiVi, Uiz1Vis IS €3 Without loss of

generality, we assume that e, # U,V,,U,V,, then ujliy UxVoVs . VpViUiUnUng Uiss IS @ Hamilton path

of G, see Figure 2(2), and G has a Kekule structure.

(i) e1, &2€EE(C,). Similarly to (i).

(iii) e €E(C,), e2 € E(C,). We may assume that e;=u;U, and €,=ViVi.1.

If i=1, then at most one of uyvq, UyVvs, iS €3, and UjUnUn.q UsVoVaVaVy OF UoUs UpUqiVeVipVng Vo IS @
Hamilton path of G.  So, G has a Kekule structure.

If i=2, note that n is even, U,Us, UaUs, ..., UgU1, V1V, V3V, ..., VaaVn IS @ Kekule structure of G.

If i=n, i.e., e;=v,vy, then G has a Kekule structure similarly to i=2.

If 2<i<n, then at most one of uyvy, Uy, UiVi, UikrVie IS €3. Without loss of generality, we assume

that €, = U,V;,U,V,, then Vivii VoUoUs...UnU1ViVeVin Vi IS @ Hamilton path of G, and G has a
Kekule structure.

(iv) e: €E(Cy), e, €E(C,. Similarly to (iii).

Case I11. Exactly one of e;, e,, esbelong to E(C;) UE(C,). Without loss of generality, we assume
that e;=u,u, EE(Cy) UE(Cy).
If {e2, es}={urvy, U2}, then upUsVaVaViVinVi 1. VaUgUs...UnUy is @ Hamilton path of G; Otherwise, we

may assume that u,v, #e€,,€;. Then UyUs...UUsV1V2...V, IS @ Hamilton path of G So, G has a

Kekule structure.

Case IV. e,e,,6,¢ E(C,)UE(C,). Thenthereis 1<i<nsuchthatu,v, #e,,¢,,e, since
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G is connected, and Uj+1Ui+...UnUs...UiViVis1 VaViVo...Vig IS @ Hamilton path of G. So, G has a
Kekule structure.
Finally, we can see that CL-{u1Vv1, UiUy, UsVs, UsUs} iS connected and has no Kekule structures, and

ak(CL,)<4.

Hence, ak(CL,)=4.

3, if n>2iseven;

Theorem 2. ak(ML,) = ) .
4, if n > 3isodd.

Proof. Let Eq={u;vi|i=1, 2, ..., n} be an edge-subset of ML,, see Figure 1.
It is easy to see that the graph obtained from ML, by deleting any two edges has a Kekule structure,
and ak(ML,)>2.
If n>2 is even, then ML,-{usu,, u;vy, Uyvi} is connected and bipartite with vertex classes V;
and V,, where Va={Uy, Uy, Us, Ug, ...,, Un} U{Vy, V3, ..., Vi } and Vo={Us, Us, ..., Una) U{Vo, V4, ...,
Vn}. So, MLy-{usu,, usvy, uyvi} has no Kekule structures and ak(ML,)=3 for even n.

If n>3 isodd, letey, e, e; be three edges of ML, such that G=ML,-{e, e,, €3} is connected,

we will prove that G has a Kekule structure and ak(ML,)>3.

Case l. ey, e;, es€Eq. Then Cy=u3U,_UnV1Vo VaU; is @ Hamilton cycle in G, and G has a Kekule
structure.

Case 11. Exactly two of ey, e,, e; belong to Eo. Without loss of generality, we assume e, ¢ E,.

Then Co-{e3} is a Hamilton path of G, and G has a Kekule structure.
Case Ill. Exactly one of e;, e ez belongs to E,. Without loss of generality, we assume

e,,e; ¢ E, and e;=uyu,.
(i) If es=u,us, then €, #Uu,v, since G is connected. Note that G;=ML,-{u,, v,} is a ladder and

e,,e; ¢ G,, Gi-{eq} has a perfect matching M. So, MU {u,Vv,} is a Kekule structure of G.

(i) If ez=vovs, then Ci=u1VviVoUoUzVaVaUgUs...VhoVn1UngUnVals 1S @ Hamilton cycle of ML-{e;, es}
since N >3 isodd, see Figure 3. So, G=ML,-{e;, e,, €3} has a Kekule structure.

(iii) If es=uyv, or ez=u,vi, then, similarly to (i)-(ii), we can prove that G also has a Kekule
structure.

Figure 3.

(IV) If €3=UjUj+1 OI €3=V;Vj11, 3<i<n —1, let f1:V1V2 and
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f - ViVi, if ey =uug;
2 luu,,, ife, =vy,

i+l (IR

then ML,-{e, es, f1, >} is the disjoint union of two ladders L, and Ls, where r>2, s>2 and
r+s=n. So, L. U Ls-{e;} has a perfect matching, and G also has a Kekule structure.

Case V. None of e, e,, e3 belong to E,. Then Ey is a Kekule structure of G.

From Cases I-1V, we know ak(ML,)>3 for odd n.

Finally, we can see that ML,-{u;v1, UiVn, UsVa, UsUs} is connected and has no Kekule structures,

and ak(ML,)<4.

Hence, ak(ML_n)=4.

Similarly to Theorems 1 and 2, we can obtain the anti-Kekule number of ladders, its proof is
omitted here.

2,ifn=3;

Theorem 3. ak(L,) = .
3, ifn>4.
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