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In stiff reaction—diffusion equations, whiles explicit time discretization schemes are
utilized, the stability constraint on the time step depends on two terms: the diffusion and
the reaction terms. If the linear diffusion has been treated exactly by applying the
integration factor (IF) or exponential time differencing (ETD) methods, then the part of the
stability constraint due to diffusion can be completely eliminated. For systems with strictly
stiff reactions, these methods are not efficient as the reaction term in IF or ETD is still
estimated with explicit schemes. In this work, a new class of semi-implicit schemes are
established, which treats the linear diffusions exactly and explicitly, and the nonlinear
reactions implicitly. The stability region for this class of methods is much larger than the
existing methods using an explicit treatment of reaction terms. Especially, the one with
second order accuracy is completely linearly stable with respect to both diffusion and
reaction.
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1. Introduction

The following equation is considered for many physical and biological applications,

&= Dhu+Fu), (1)
where u € R™ represents a group of physical or biological species, D € R™*™ is diffusion
constraint matrix, Au is the Laplacian which is associated with the diffusion of species u, and
F (u) illustrates chemical or biological reactions. If the method of lines is utilized for solving the
equation numerically, reaction-diffusion (1) can be reduced to a system of ODEs:

u, = Lu + G(w), (2)

where Lu is a finite difference approximation of DAu . Let N shows the number of spatial grid
points (independent of number of spatial dimensions) for the approximation of Laplacian Au.Thus
u(t) € RV*™ and L is a (N.m) X (N.m) matrix representing a spatial discretization of the
diffusion. The size of the time-step for a time integrator for solving (2), is constrained by the
inverse of the eigenvalues of the diffusion matrix D as well as the stiffness of the nonlinear
reaction term G (u). As N increases, the diffusion constants in the system (1) become large or the
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spatial resolution is better, the stability restriction becomes very rigorous because of diffusion
[1-3].

Moreover, the part of the linear diffusion has been reduced to the evaluation of an
exponential function of the matrix L, after that an approximation of an integral relating the
nonlinear term G (u). Different approximations of the integral involving nonlinear term G (u) give
rise to either the integration factor (IF) method or the exponential time differencing (ETD) method.
For ETD methods, special treatments for a variety of operations on L (e.g., its inverse) are needed
in order to maintain a consistent order of accuracy [4-6]. Leo ef al. [7] studied the fixed points for
the original systems which are not precisely conserved in the numerical scheme, and as a result,
further terms have to be included in the standard IF methods in order to preserve such
conservation. Cox and Matthew [8] discussed one way of improving the stability region for a stiff
reaction is to take in a Runge—Kutta type estimate for the term involving G (1) in the ETD scheme.

In general, the exponential time differencing Runge—Kutta method (ETDRK) has a larger
stability region than the standard ETD while the multi-stage nature of Runge—Kutta methods need
more function evaluations [3]. On the other hand, it is still not efficient enough for systems with
highly stiff reactions, since often is the case for several biological applications, such as the
morphogen gradient scheme in which the reaction rate constants in F(u) can be different by four
to five order of magnitude [11-14]. Aziz et al. [18] studied a new review of exponential integrator,
which is related to the numerical methods for solving stiff problems.

In this study, we obtain the implicit integrating factor method (IIF). For this purpose, a
numerical solution is acquired by approximating the function g(t) with the Newton's form of the
interpolating polynomial P(7) . Moreover, we present a stability analysis of this implicit
integrating factor (IIF), where the Matlab codes are applied to this stability region.

2. Implicit integrating factor methods

Let us consider the derivation of the new temporal schemes for the scalar case of the semi-
discrete system (2) of the form

%=cu+f(u), t>0, u(0) =u, , 3)

where ¢ is a constant representing the diffusion, and f is a nonlinear function representing the
reaction. Multiplying (3) by the integrating factor e ~¢¢

d
et = cyu et + e~ f(u), or

dt
L) ™) = et f(w).
To integrate the equation over one time step from t,, and t,, .1 = t, + At , we have
ftt:“ % (u(@)e Ndr = ftt:“ e~ " f(u(r))dr, or
U(tpyr)e S+t —u(ty)e i = f;"“ e~ f(u(r)dr, or
U(tye1) = u(ty,)e ctn=tnt1) 4 gClnts ftt"“ e " f(u(r))dr , or
n
w(tnsr) = u(tn)e ™ + ectns [ e~ f(u(r))dr,

and substituting T = t,, + At into the integral, we have
Utnr) = u(ty)e + e [V e~ f(u(t, +1))dT | (4)

where u,, is considered as a numerical solution for u(t,) and g(7) is proposed to be

g(@) = e " f (u(ty, + 7). )
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In order to construct a scheme of r-th order truncation, we approximate g(t) with the Newton's
form of the interpolating polynomial,P(7), with interpolation points t, 41, ty, -, tny2—r » 1.€.

P(7) = X122 e f(u,_)[e(e_y) + X2 @le_q, €0, o g1 T, (7 — &)]

0<t<At. (6)
In the above equation, we identify
g =JjAt, -1<j<r-2 (7)
Ei41 Eixr 0 €| — OLE €41y s E
(P[gj:5j+1: ...,€k] — Qo[ Jj+1r €j+2 k] Qo[ jr<j+1 k 1]

&k — Ej
with this approximation to g(t), and (4) can be discretized as

Upyq = eBlu, + eAt fOMP(T)dT : (8)
As aresult, a direct evaluation of the integral in (8) leads to the new r-th order implicit scheme, i.e.
Uny1 = eCAtun + At(apyq f(Unsr) + 21:02 i f(Un—i)) , )]

with a1, @p, @y, o, Ap_ryo defined as

e(i+1)cAt -1

At _ .
An-i =~ fo [p(e_y) + Jr-:(z,(p[s_l,so, v & o1 (T — g)|dr,—1<i<r-2. (10)

To obtain the order of r = 2, we must take the following forms of a in Table 1.

Table 1: Coefficients o for implicit IF schemes with localized nonlinear systems.

order An+1 an Un—1 n—2
1 0 0 0 0
_ 1 _ 1&‘51‘53
2 2 2 0 0

Thus the second order scheme (IIF2) is derived in the following form

s = € (un = 5 F ) ) =5 fttnan) (i

To obtain the order of r = 3, we must take the following forms of o in Table 2.

Table 2: Coefficients o for implicit IF schemes with localized nonlinear systems.

order Ant1 On An—q On—2
1 1 1
- __ecﬁt __ezc,.jt
3 2 2 2 0

Thus the third- order scheme (IIF3) is obtained in the following form
1 1 1
Upyr = eCMun + At(—; f(un+1) - EeCAtf( un) -3 eZCAtf(un—l)) .

Then the second, third, fourth order approximations to g(t) are of the following forms:
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1. Given g(0) = f(u,) ,g(At) = e=°A f(u,4,) , the second order approximation to g () is
P(7) = e f(un+1)[(P(5—1)) + @le_1, 8]t — 5—1)] + f(u)e(e-1)
0<7t<At
2. Given g(—At) =et f(u,_y) , g0)=f(u,) , g(At) =e “Af(u,.,) ,the third
approximation to g(7) is
P(1) = e f(uny )@ (1) + @le_y, 8] (T — 1) + @le_y, 0, &1 (r — e_) (7 -
gl + fun)lp(e_1) + ple_1, &0, 61](r — e_1) (T — g)] +

eMf(up_1)[@(e_1) + @le_q, &](T — e-1)]
0<7t<At.

3. Given g(—24At) = e*M f(u,_,), g(—At) = e f(uy_4), g(0) = f(uy),
g(At) = e=“Atf(u,, 1), the fourth order approximation to g(t) is

P(1) = e B f (upy)@(e_q) + @le_y, g0l (T — 1) + @le_q, g0, 6] (T — 1) (T — &) +
ple_y, 0,81, 8]t —e_) (T — o) (T — &) + fup)[@(e_1) + @le_1, €0, 1] (T — &) (T —
g0) + @le_1, €0, €1, 1(T — e-)(T — &) (T — &)1 + Lt f (uy—[@(e-1) + @le_q, &]1(x —
e-1) + @le_y, €0, 81,611 — 1) (T — £0) (r — &)] + €L f (up_)[@(e_1) + @le_y, &l (T —
e-1) +ole_y, 60,81t — )T —g)] .

3. Stability analysis of IIF

The steady condition is achieved from a dynamic evolution by using standard integration
factor methods, which has an error of order (At?). In addition, discretization errors are also related
to the space [3]. Since the fixed points of the numerical scheme are not preserved, consequently
the following decoupled linear problem cannot be used directly,

Uy = —qu + du, q>0. (12)

For the IIF methods, the steady state of ODE system and the stability regions are
examined with respect to the diffusion and the reaction [9, 10]. The boundaries of the stability
region, which consist of a family of curves for different values of gAt are shown, based on the test
problem (12) for the second and third-order IIF methods.

The second order IIF (11) is applied to equation (12), and then substituting u,, = e into
the resulting equation, the following equation is derived
0 — ,—qit (1 _13) _1,,i60
el = ¢ (1 2/1) ~2e'®, (13)

where A = dAt has a real part A, and imaginary part A; . Thus the equation for A, and A; are
considered as follows

_ 2(e”248t-1)
T (1-e~4At)242(1+cos B)e—dit ’

(14)

1= —4(sinf)e 94t
L™ (1-e-98t)242(1+cos §)e—9At

Since g > 0, then A, < 0, which resulted for 0 < 8 < 27 . Then, the second order IIF is A-stable
because the stability region has been included in the complex plane for A with 1, < 0.
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Fig. 1: Stability regions (exterior of the closed curves) for the second order with qAt = 0.5, 1, 2.

In Figure.1 , the stability region is designed as such that the exterior of the closed curves
are located on the complex plane with 4, < 0, for gAt = 0.5, 1, 2.

Note that in (14), in the limit g — 0, the stability region agrees with the domain 1, < 0,
while in the limit g — o, the stability region approaches the whole complex plane excluding the
point (—2,0) .

The third- order IIF (or IIF3) scheme is considered

1 1 1
Upy1 = eCAtun + At(_z f(un+1) - EeCAtf( un) - E eZCAtf(un—l)) .
(15)
The same approach is applied, so that the equation for A is found to be

eie_e—th

1=

(16)

O 1 1 ig *
_Zpll_Z,—qAt_Z,—2qAt—i6
2e Ze Ze

The following complex planes show the step by step stability region for A in (16) for
different values of gAt.
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Fig. 4: Stability regions for the third -order IIF scheme with qAt = 1,1.5.
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Fig. 6. Stability regions for the third order IIF scheme with qAt = 3,3.5.

In IIF3, all the Figures above show the step by step stability region for the third-order
scheme, which finally becomes A4-stable. Clearly, the size of the stability region is considered very
sensitive to the value of gAt, since it depends on the values of gAt. It is found that the stability
region is maintained by increasing gAt. Thus when g — o, the stability region in the complex
plane approaches a point in the real axis.

As a result, the IIF method gives rise to the good stability properties as compared to the
explicit integration factor methods and other exponential time difference schemes.

4. Conclusion
Even though, there have been attempts to treat the nonlinear reaction equations implicitly

using implicit—explicit Runge—Kutta schemes [15, 16, 17], the diffusion term in these methods is
still treated explicitly.
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In this paper, we have presented a class of methods, which eliminates both restrictions on
the setting of a linear stability theory. Moreover, in the new techniques, as a result of the implicit
treatment of the nonlinear reaction equation, the nonlinear system has the same size as the number
of original differential equations. Likewise, for systems in higher spatial dimensions or systems
involving high-order derivatives, the new methods would be more advantageous than the studied
one-dimensional system with diffusions. In addition, a fully implicit method is required for solving
very large nonlinear systems, which depend on two- or three-dimensional spatial discretizations.
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