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THE HOSOYA POLYNOMIAL OF TUC,Cs(S) NANOTUBES
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The Hosoya polynomial of a molecular graph G is defined as
H(G,x):Z{u,v}gV(G)xd(”’V), where the sum is over all unordered pairs {u,v} of distinct

vertices in G. The aim of this paper is to present a new algorithm for computing Hosoya
polynomial of TUC,Cg(S) nanotubes.
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1. Introduction

One of the main distinctive characteristics of modern chemistry is the use of theoretical
tools for the molecular modeling of physicochemical processes, chemical reaction, medicinal and
toxicological events, etc., in which chemicals are involved. Topological indices are one of the
main theoretical tools for studying molecular properties of chemical compounds. Here, a
topological index is a real number that is derived from molecular graphs of chemical compounds.
Such numbers based on the distances in a graph are widely used for establishing relationships
between the structure of molecules and their physico-chemical properties. It is easy to see that the
number of atoms and the number of bonds in a molecular graph are topological index. The first
non trivial topological index was introduced early by Wiener.' He defined his index as the sum of
distances between any two carbon atoms in the molecules, in terms of carbon-carbon bonds. We
encourage the reader to consult papers™ and references therein, for further study on the topic.

Let G be a simple molecular graph without directed and multiple edges and without loops,
the vertex and edge sets of which are represented by V(G) and E(G), respectively. If e is an edge
of G, connecting the vertices u and v then we write e = uv. The distance between a pair of vertices
u and v of G is denoted by d(u,w). Thus, we can redefine the Wiener index of a graph G as W(G)
= Lixyev@d(xy).

The Hosoya polynomial of a molecular graph G is defined as

H(G,x)= Z{U,V}QV(G)Xd(“’V), where the sum is over all unordered pairs {u,v} of distinct vertices in

G.* Suppose D = [d;] denotes the distance matrix of G, where d; is the length of a minimal path
connecting the ith and jth vertices of G. Then one can see that W(G) = 1/2%;d;j and H(G,x) =
1255 x5 .

Diudea and his co-authors®’ was the first scientist considered topological indices of
nanostructures into account. In some research paper, he and his team computed the Wiener index
of armchair, zig-zag and TUC,Cg(R/S) nanotubes. One of us (ARA) continued this program to
compute the Wiener index of a polyhex and TUC4Cg(R/S) nanotori.'”" In this paper we continue
this program to compute the Hosoya polynomial of a TUC4Cg(S) nanotube. Our notation is

standard and mainly taken from the book of Trinajestic'® and papers by Taeri and his co-authors.'”
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2. Results

In this section an exact formula for the Hosoya polynomials of TUC,Cs(S) nanotubes are
derived, Figure 1. Since d/dx(W(G,x))|,_,=W(G), the Wiener index of these nanomaterials
are also computed.

Suppose T is 2—dimensional lattice of TUC4Cg(S)[m,n], where m is the number of rows
and n is the number of columns. Choose eight base vertices xi(1,1), xxe{ ai, by, ¢1, di, ay, by, ¢y,
dy}, Figure 2. We partition V(T) into eight parts as P = {A;, A,, By, B,, C;, C,, Dy, D,} where
XijeP and Xj = {x(i,t): 1 <1 <m,] <t <nk = j}. To compute D(T), we must calculate
matrices Di(kj(l,l) . For example D:‘(l’l) is a matrix in which its entries are the distances from a;(1,1)

to all of vertexes A;. The first row of D(T) is the all entries of eight matrices of vertex a;(1,1), and
other rows are obtained similarly. We notice that making use of symmetry in T, we don't need to
investigate the vertices with subscript 2. This fact has been shown in Figure 2. Hence the
computation of sixty four matrices presented above, decreases to thirty two matrices.

If we show this matrix by Dij(u) = [(X}“‘ )1] i Where (X4);is i™ row of the matrix

and ke {1,2}. We can obtain other matrices for the t" row (2 <t < m) and first column of T. For
instance, we consider the case of a;(t,1). Then,

(A?l )t (DTI )t
AT Do
D‘:l(“) - ( la ) and Df]il(t,l) = ( 1b)2
(A1), (AM),
_(A?' )m—t+1 i _(A?l )m_t+1 |

Similarly we acquire other matrices of the first column. Notice that finding the matrices of other
columns are the same and is omitted. Now we enumerate the entries of distance matrix D(T).
Define o, (1 <1< m), by

1 2 1 i+l . m
ai = . . . B
1 1i-1 .. 1 2 .. m-i+l
Then we can see that the times of repeating s™ row matrix Di(lj(l,l) is the number of columns in T

multiplied by the number of members of the set {o;(j+s—1),0G—s+1) : j, j&s—1, j—st1< m }.
Consequently, for Dfl"(u) we obtain the following polynomial:

Wiy (Tox)= % X 2n[(mi x™ j + (%Z(m —i+ 1)(% X" jﬂ

=l =l

So the Wiener polynomial of T is W(T,x)= X W;(h 1)(T, x).
X% ’
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Table 1. DaAl‘m) = [dij]

. 2<j<n/2+1 (nf2) 1 <j<n/2+1 (n)2)
=1 aci<ornrmp) 1<j<m)2 (02)
i<j  dj=day+2
1>] dij=dgn t 4
dij = din-j+2) Wwhere [n/2+1<j <n & (n|2)] or [(n+1)/2<j <n & (n}2)]

i=1
d;1=0 dij =digy + 4

. : B B D A
. It is clear that three matrices Dy, ;) , Dy, and D', ) are equal toD, ;).

. If we add one to all entries of D:'(U) , We obtain Dgl‘(u) .

o The rows from two to m of Di‘(l 1)» are equal to the rows from one to (m—1) of D:‘]‘(l D

Moreover, the first and the second row are equal, except the first entry of first row which is equal
to 3.

Table 2. DaBI‘(Ll) =[s;].

2<j<n/2+1 (n2)
2 <j<(n+1)/2+1 (n12)

2<j<n/2+1 (n]2)
2 <j<(n+1)/2+1 (n[12)
i-1 SJ Sij = S5¢-1)j +2
-1>j  sij=sent4
Then sjj = Sin.j+3 Where [n/2+1<j <n & (n|2)] or [(n+1)/2<j <n & (n{2)]

=1 j=2 j=1
i=1

sy=1/s,=3 S1; = S1G5-n + 4 Sit =S¢yt 4

: . 1\B . \C
J Adding one to all entries D, ', ;,, we obtain D!, ;).

J The first and second row of Dz'(l’l) are equal; also the rows from two to m are equal to the
rows from one to (m—1) of Dflla,n .

J The first row of Dgllm) and the first row of DaBll(l,l) are the same; the second until m" rows
of this matrix, obtained by adding the number two to all entries of the rows from one to (m—1) of
Dfl](lyl) :

o For columns 1<j <n/2+1 (nis even) or 1<j < (n+1)/2 (n is odd), we add entries of Dzla,n
by 2. Then for n/2+1 <j <n (n is even) or (n+1)/2 <j <n (n is odd) we define vjj = Vin.j+2) and so
DaDll(l,l) = [Vij]'

. The rows from two to m of DE‘(M) are equal to the rows from one to (m—1) of Dz'a’l);

and the first entry of the first row is one and remaining entries are equal to the second row.
o For columns 1<j<n/2 (nis even) or 1<j <(n+1)/2 (n is odd), we add one to the entries of

DaDl](l,l) and for columns n/2 < j <n (nis even) or (n+1)/2 <j <n (n is odd) we add -1 ot the entries
D . D

of D, to obtainD,{, .

o The first and second rows of Dflz(m =[w;] are equal, except the last entry of the first

row which is equal to 2; and the rows from two to m are got by the equation wij = S¢.1)n-j+1)-
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A
Table 3. D, 7, ) =[1;]

. . 2<j<n/2(nf2) n/2<j<n (n2)
i=1 17 7 2 <i<mr)2 (nh2) (n+1)/2 <j<n (n}2)
=1 | r,=3 I =I5y + 4 i =rgnt4
1<j<n2  (n2) n/2+1 <j<n (n2)
(> 1 1 <j<(n+1)/2 (n}2) (n+1)/2+1 <j <n(n}2)
i S_] I‘ij = r(i—l)j +2 1 < Il-j+2 I‘ij = r(i—l)j +2
1 >j Tij = T(i-1); +4 else Tij = I(i-1); +4
. The matrix Dc[1)12(1,1) is equals to D:z(l,l) .
. In matrix Df;z(l,l) the first entry is 4, and other entries of the first row are equal to entries

in the second row. We also add one to entries in the first row until (m—1)" row of DaAlz(l,l) to obtain

the rows from two to m of this matrix.

° The entries of Df} 2(1’1) = [uij] are obtained from D:\fm) the equation uj; = Ti.j+1)
o The matrix DS’IZ(I ;) is obtained from above equation.
J If we add one by all entries of DEZ(I ) then we acquire Dgf(u) .

B
Table 4. D, ) =[e;].

. 2<j=n2 - (n2) 1<j<n2 (n)2)
i=1 = iz on P> 1 <j<(n+1)/2 (nf2)
i<j &j =€ T 2
e;1=2 e1j = e + 4 LT ] =Dy
11 1j 1G-1) P> 8ii = i.n)j + 4

€jj = €im+1y Where [n/2 <j<n & (n|2)] or [(n+1)/2<j<n & (n}2)]

. Dy B

J The matrix D_{, ;) is equal to D, .

. Two matrices Daclz(l’l) and DbDlz(l’l) achieved by adding 1 to each entry of DaBlz(l’l) .

o The first and second rows of Dflz(u) and Ddcf(u) are equal and the second until last row of

these matrices are computed by adding 2 to the first until (m—1)" row of Df’l W -

J The first and second rows of matrices D:il,l) and D?fa’l) are the same and the rows from

two to m are equal to the rows from one to (m—1) of Daclzm) .
o The matrix D?,l(l,l) =[z;] obtained from the matrix Dflz(l,l) by relations below;

if 1I<j<n/2 (nis even) or 1<j <(n+1)/2 (nis odd) then z; = ¢;; — 1,
and if n/2 <j <n (nis even) or (n+1)/2 <j <n (n is odd) then z; = e+ 1.

. By adding 1 to all entry of Dchl(l,l) =[d;] we receive to the matrix DE‘(U) =[d;].
. The first and second rows of D?l‘(u) are equal; and the second until m" row are equal to

the first until (m—1)" row of Dl]a)ll(l,l) .
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o The first row of DQ ‘. 18 equal to the first row of Dz‘(l’l) , and the rows from two to m are

obtained by adding 2 to entries of the rows from one to (m—1) of Dz‘(l,l) .

Base vertex

1
1
a; 1 a

Fig. 1. 3D-Representation of an TUC.Cy(S) Fig. 2. The basic vertex of T
Nanotube. 2 2
a,(1,1) a.(1,1) byl aln) a;in)
b.f1,1) e, fln)

b.iln)

colurfml column2  column3  Column n byl 1)
e,(1,1)
row 1 eyl
&Ly d,(1,m)
dy(f,m)
dy(L1)
row 2 _ (L)
asfm, 1)
a,fm,n)
row3 _ afm, 1)
: ; _ by(mI) byfm,n)
| | | | _
rowm _ = = - -
d,(m,1) d.(m,1) by fm,n) dym,n) dyfm,nj
| 1 T | . a,(m,n)
cyfm, 1) ¢ fm,n)
Fig. 3. The 2-Dimensional Fragments of an . .
g 9 Fig. 4. A Laabeling for T,
TUC,Cs(S) Nanotube.
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