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The Omega polynomial of a connected graph G, denoted by (G, X), is defined as

Q(G,x) = > m(G,c)x° and the Sadhana polynomial of G is defined as

Sd (G,x):Zm(G,c)x‘E(G"’C , where m(G, c) is the number of strips of length ¢ and

|E(G)| is the number of edges in G. In this paper, the Omega and Sadhana polynomials are
computed for the pericondensed benzenoid graphs.
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1. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). For any two vertices x and y in
V(G), the distance between x and y, denoted by d(x,y), is the length of the shortest path connecting
x and y. Two edges e=uv and f=xy in E(G) are said to be codistant, denoted by e co f, if d(x,u)=
d(y,v) and d(x,v)= d(y,u)= d(x,u)+1= d(y,v)+1. The relation "co’’is reflexive, symmetric, but not

necessarily transitive. Let C(e) ={f € E(G): f co e}. If the relation ““co’’ is transitive on C(e),

then C(e) is called an orthogonal cut ““co’’ of the graph G.

Let e=uv and f=xy be two edges of a graph G, which are opposite or topological parallel,
and this relation is denoted by e op f. A set of opposite edges, within the same face or ring,
eventually forming a strip of adjacent faces/rings, is called an opposite edge strip ops, which is a
quasi-ortogonal cut qoc (i.e., the transitivity relation is not necessarily obeyed). Note that co
relation is defined in the whole graph while op is defined only in a face/ring. We will always
assume that the length of ops is maximal irrespective of the starting edge. Let m(G, c¢) be the
number of ops strips of length ¢.The Omega polynomial of a connected graph G, denoted by
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Q(G, x), is then defined as [1, 2]: Q(G, x) = z m(G, ¢)x° and the Sadhana polynomial of G is
defined as [3]: Sd(G,x) =) m(G,c)x"®"°  where |E(G)| is the number of edges in G. Other

recent results concerning the above two computing polynomials can be found in [4-11].
In this paper, the Omega and Sadhana polynomials are computed for a class of
pericondensed benzenoid graphs.

2. Main results
In this section, we shall compute the Omega and Sadhana polynomials for the

pericondensed benzenoid graphs B(a, b, c), as shown in Fig. 1. Without loss of generality, we may
suppose that a > ¢ in our following discussions.

i henzencid rings

..... +—— b benzenoid rings

T 1 T [ <—— ¢ henzenoid rings

Fig. 2. The benzenoid graph B(a, b, c) with a>c>b.

Proposition 1. Let B(a, b, c) be the benzenoid graph as shown in Fig. 2. Then

Q(B(a, b, €),z) = o4 2" 4ot L okt 4
(2a + 2¢ — 4b)z?

and

Sff[BI:{'{ b. C:I..I'jl _ I—ict+b+5¢'—2+ 1_-5a—5r:+'3 +I5r}.+f_l—-lr:—2 +

'25;175&4_#_5“_1 4 (20 1 2o — 4B)I50—b+5c+ll

Proof. From Fig. 2 above, one can see that there are exactly five strips in B(a, b, c), namely, C,,
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C,, C,, C, and C,.Also,wehave |C,|=a+1, |C,|=b+1, |C;|=c+1, |C,|=4 and

| C; |= 2. Consequently, according to the definition of the Omega polynomial, we have

Q(B(a, b, ¢),z) = =z 42 ot 4 2bat +
[2(a —b—1)+1+4+2(c—b—1) 4+ 1+ 2]z
= ot 4 bt et 4 oyt 4
(2a + 2¢ — 4b) x>

As |E(G)|=5a+b+5c+3, we obtain

5 E E G B
Sd[B(ﬂ b? CII,I}I — I4ct+b+uc+? + I-Ja+._>c+2 4 Idg+5+4c+2 n

bzl 4 (90 | 2 — 4)gSetitiet],

0
J

Cg

Cs
WW a benzenoid rings
W— b benzenoid rings

Cs (\W\(\]/W -~ ¢ benzenoid rings

Fig. 3. The benzenoid graph B(a, b, c) with a>b>c.

Proposition 2. Let B(a, b, c) be the benzenoid graph as shown in Fig. 3. Then

Q(Bla, b, e),x) = 2ot b et (20 — l}sr4 -+
(2b — 2¢ + 1);1?3 + (2a — 2b + 1)z?

and

. - o - P
Sd{B{a br C’:l_..'l"-'} _ I4cr+36+3€+$ +__r-ga+2b+3c+3 +Iua+3.ﬁ+2c+3+

(2¢ — 1)2B0H30F3¢ 4 (2h — 20 4 1)gP0 303+

('ZCI', — 2b + 1}I5m+3&+3c+2.

Proof. From Fig. 3 above, one can see that there are exactly six strips in B(a, b, c), namely, C,,

C,, C,, C,, C, and C,.Also,wehave |C,|=a+1, |C,|=b+1, |C;|=c+1, |C,|=4

|C; |=3and|C, |=2. So, we have

Q(B(a, b, e),r) = =zt 42" Lt L [2(e—1) + 1]2* +
+b—c+r1)+(b—e))z* +[2(a—b—1)+ 1+ 227
= ot 42 4ot 4 (20— 1)zt +
(2b — 2¢ + 1)2® + (2a — 2b + 1)2?
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As |E(G)|=5a+3b+3c+4, wehave

Sd{B({l: b_. C)_.;IT]I = plat3bt3ct3 +I5a+2b+3c+3 +I5u+36+2c+3+
(2{’ _ 1}I5a+3{3+3c 4+ (25 — %%+ 1)I5a+3b+3c+1 4+

(2& —2h + 1}I5ﬂ+3b+3c+2.

“ Cs

o [T AT Cy =——- benzenoid rings

[ A Y R (e

Fig. 4. The benzenoid graph B(a, b, c) with b>a =c.

- b benrenoid rings

Proposition 3. Let B(a, b, c) be the benzenoid graph as shown in Fig. 4. Then

Q(B(a, b, c),z) = 2z 42" 4 2(a— 1)zt +
+22% 4+ 2(b —a + 1)2?

and

Jsrd(Blfﬂ.._ b: C}:I) — 2I5a+5b+4 + IGH+46+'—1 + 2(&. . 1JIEU+-55+1 +

_|_2IGG.+-5.E|+2 1 leb — a4+ 1}I6a+5b+3.
Proof. From Fig. 4 above, one can see that there are exactly six strips in B(a, b, c), namely, C,,
C,, C,, C,, C, and C,.Also,wehave |C,|=a+1, |C,|=b+1, |C;|=c+1, |C,|=4,
|C; |=3and|C, |=2. So, we have

Q(B(a, b, e), ) = 2zt 4 21 4 2(a — 1)z +
+2x% +2(b —a + 1)x*

As |E(G)|=6a+5b+5, we have

Sd(B(a, b, c),z) = 2g°t5bts 4 gfetdbtd 4 gy 1)pfetibil |

_|_2I641+-55+2 4+ 2[:5 —a+ 1}Iﬁa+5b+3.
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Fig. 5. The benzenoid graph B(a, b, c) with b>a >c.

Proposition 4. Let B(a, b, c) be the benzenoid graph as shown in Fig. 5. Then

Q(B(a, b, ¢),x) = 2T 420 L2t 4L (26 — 1)zt +
+2(a — €)z® 4+ (2b — 2a + 3)2”

and

y T +5B+ AR T P N
Sd{B{a br C)_. . ‘J _ IQ{: Sb+3e+4 ISa 4b+3c4-4 I&a—i—gb+2c 4
3 5 T N .
(2c — 1)gPatobH3etl L 1 9(q — ¢)piatobiiet?

{Qb — 2a -+ 3)I33+55—3c+3.
Proof. From Fig. 5 above, one can see that there are exactly six strips in B(a, b, c), namely, C,,
C,, C,, C,, C; and C,.Also,wehave |C,|=a+1, |C,|=b+1, |C,]=c+1, |C,|=4,

|C;|=3 and |Cs|=2. So, we have

Q(B(a, b, ¢),z) = 2 42 L2t L [2(e—1) + 1]zt +
+{a—e+1)+(a—c—1)]z* + [2(b— a) + 3]z?
_ Ic:—l —I—.’I'b_l +Ic—l —I—[2C— l)j:-—l_

+2(a — e)z® + (2b — 2a + 3)z”
As |E(G)|=3a+5b+3c+5, we have
Sd(B(a, b, ¢),z) = p20+5b+3cHe | oBa+dbidetd | o 3at5bi2ed |
(QC _ IJIBct+5b+3€—1 4 _|_.2|:a _ C)ISC:—56+3¢'+2 "
(gb — 20+ 3)I33+55—3c+?pl
By symmetry and Propositions 1--4 above, we obtain our main result of this paper as follows.

Theorem 1. Let B(a, b, c) be the benzenoid graph as shown in Fig. 1. Then
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ot 4 g 4 pet 4 2bat 4 (2a + 2¢ — 4b)2?, a>e>b
0t 4 g 4 et 4 2bat 4 (2a + 2¢ — 4b)2?, c>a>b
0t gt o petl 4 (2¢ — 1)zt + (20 — 2¢ + 1)23
+(2a — 2b + 1)2?%, a>b>e
2 4 2P et (20— 1)zt + (26— 22 + 1)2®
Q(B(a, b, ¢),z) = +(2¢c — 2b+ 1)22, c>b>a;
g0+l 4 2Pt et 4 (2¢ — 1)2* 4 2(a — ¢)2®
+(2b — 2a + 3)2%, b>a>c
ot 4 P oot 4 (20 — 1)zt + 2(c — a)2®
+(2b — 2¢ + 3)2?, b>c>a
207t 4 gt 4 2(a — )2t + 223 +2(b—a+1)2Y, b>a=c.

and

I4a+b+5€+'2 4 IS&+GC+2 4 I50+b+4c+2 1 Qb$50+b+5c—1

+(2a + 2¢ — 4b)gPotbtiet] a>c>b
I5n1+b+4c+'2 + I:E-u+5c+2 + I4a+b+5c+2 + 2b$50+b+5c—1
+(2a + 2¢ — 4b)gPatbict] c>a>b
pAat3ACHS | gSat o3 | pSatdbt2etd 4 (9n | 1)gSatbide
+(2b — 2¢  1)2Bt33etl 4 (9q _ 9] 4 1)gBatS3et2 a5 h >
l.3n:l+‘:‘»b+=lc'+3 + m3ﬂ.+23+5c+3 + $2a+36+4c+3 + {2{1 _ l)xh+35+5c

Sd(B(a, b, ¢),z) = ) . ) _
( { ? ) +(2E} _ a4+ 1}$$E+Sb+ur:+1 1+ (20 — 2+ 1)$3a+3b+oc+2: c=h > a;

p2a+ib+3ctd + paatabtdctd + pia+ibt2e+4 + (28 _ 1)I3a+5b+3c+1

+2(G _ C)I3a+5b+3c?+'2 T+ (25 P 3)I3a+5b+3c+3: b >a> e

$3a+5{>+'2c+4 + I3a+4b+30+4 + $2ﬂ+55+3c+4 + (2{1 _ 1)I3a+5b+30+1

+2(c — a)ziatohH3et2 o (2h — D¢  3)gdotibHI3  h > e
D piatibt+a +IGa+4b+4 1+ 2{(1 _ 1)1.Ga+5b+1 1+ 2I60+5b+2+

Q{b— a4+ 1}I6a+5b+3! b 2 a=c.
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